Introduction
OR static response, the condition number of the stiffness F matrix is an upper bound to the amplification of errors in structural properties and loads. However, even though typical stiffness matrices have condition numbers larger than one million, we do not expect that errors or variations in the structure or loads would be amplified so much. The present Note seeks to explain why in most cases our expectation is fulfilled. It also presents an example of a case associated with shape sensitivity analysis where the worst-case scenario predicted by the condition number is much closer to the actual error amplification. A criterion is proposed that is closer to the actual error magnification than the condition number.
Consider the discretized equations of equilibrium of static response such as those generated by a finite-element model
where K is the n x n symmetric, positive, definite, stiffness matrix, u the displacement vector, and f the load vector. The The condition number for most stiffness matrices generated by finite-element models runs into the millions. This would appear to indicate that the computed displacement field can be extremely sensitive to small errors in the stiffness matrix and force vectors. In spite of this theoretical sensitivity, we continue to approximate the stiffness matrix (e.g., by reduced integration) and the force vector (e.g., lumping loads) without fear of the huge amplification of errors predicted by the condition number. It is known, in fact, that the condition number may be an overly conservative estimate of error sensitivity.2
The condition number is particularly overconservative for predicting sensitivity to changes in the load vector. For a given K and f , it is always possible to find a AK to make Eq. ( 5 ) an equality. Also, c ( K ) can be a good predictor of roundoff error amplification so that if the condition number is lo7 and we work with 7-digit numbers, the errors in u can be very large. In the following it is assumed that the number of digits available for computation is much larger than the condition number (a typical case in finite-element computation is c ( K ) = lo7 with 15-digit computations). However, it is not usually possible to find a Af to make Eq. (4) an equality.2 The present Note derives a sharper estimate for sensitivity to load errors. It also presents a case where the extreme sensitivity predicted by the condition number is more closely realized.
Error Analysis
Let the eigenvectors of K be denoted as ui, i = 1, ..., n normalized to 11 ui II= 1 with Xi being the corresponding eigenvalues. We expand the load vector in terms of the eigenvectors as It is then easy to check that u can be obtained as
with a similar expansion for Au . The error amplification factor e is defined as
Using the orthonormality of the eigenvectors we get (10) (Cy= lAa:/X:)(Cy= la:) (Cy= laf//xf) (Ey= ,Acuf) It is easy to check that the worst case is when the perturbation is in the shape of the first eigenvector, Af = Aalul so that an upper bound on e , called here the error magnification index e2 =
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TECHNIC and denoted e,, is given as Equation (11) predicts that the error amplification is large when I( f (1 is large and I( u 11 is small. This will happen when f is in the shape of a combination of higher eigenvectors [see Eqs.
(6) and (S)]. For example f can be highly oscillatory in its spatial distribution or in a high, aspect-ratio, beam-type structure, f could correspond to shear loading. For f = a,u, and Af = Aaiul, we get so that when the load is in the shape of the last eigenvector, and the load error is in the shape of the first eigenvector, the error amplification is indeed equal to the condition number.
The error magnification index e,,, given by Eq.
(1 1) is a much sharper estimate of error amplification than the condition number c ( K ) . In fact, for a force in the shape of the first eigenvector, f = a i u l , Eq. (1 1) gives e, = 1, so that there is no error amplification no matter how high the condition number.
Because in most practical situations, f is a linear combination of the first few eigenvectors, e, is much smaller than c ( K ) , and we do not get large force-error magnification even when the condition number is high.
Application to Shape Sensitivity
We can obtain the sensitivity derivative u' of the displacement with respect to a structural parameter v by differentiating Eq. (1) as
where a prime denotes a derivative, and it is assumed that f does not depend on structural parameter. The right side of Eq. (13) f p is called the pseudoload, and it is often approximated as That is, the derivatives of the displacements and rotations are mismatched in that the derivative of the slope is only one half of the slope of the derivative. This mismatch between w' and 8' results in a u' representing a displacement shape where each element is being bent into an s-shape, no matter how many elements we have. When m is large, this is a short-wave displacement shape that would be represented by the last few eigenvectors of K . The error analysis of the previous section would then predict the potential for large error magnification-especially for long-wave errors. The error magnification index for the derivative ed is defined based on Eqs. (11) and (13) as
The large errors associated with the semianalytical method for shape derivatives are in contrast to the small errors for size or stiffness derivatives. To show that the error magnification index discriminates between the two, we compare the derivative with respect to the length of the beam with the derivative with respect to the height h of the cross section of the beam (assumed to have a rectangular cross section). The pseudoload f p is calculated from Eq. (14) for a change in length or height corresponding to 1% of the nominal value. The error in fp is then of the order of 1%.
The effect of number of elements on the error magnification index and the actual error is shown in Table 1 . For derivatives with respect to length, ed increases rapidly with the number of elements lagging behind the condition number by about one to two orders of magnitude. The actual error also increases fast though not as fast as ed. The potential error magnification of ed is not realized because the error in fp due to the finite-difference approximation of Eq. (14) is not in the shape of the lowest eigenvector [which is the worst-case scenario assumed in Eq. (1111.
The error magnification index for the height derivative increases very slowly with the number of elements and predicts well the sensitivity of that derivative to errors in the pseudoload. A 1 Yo perturbation in a design variable for the purpose of derivative calculation is too large for most practical examples. However, for this example, the errors in the semianalytical method are almost exactly proportional to the perturbation so that the errors in Table 1 (columns 4 and 6) simply scale as the perturbation size is scaled.
Concluding Remarks
An error magnification index was proposed for assessing the sensitivity of the displacement field to errors in the load vector. VOL. 28, NO. 7 The index is less conservative than the condition number of the stiffness matrix and reflects the fact that for some cases, no error magnification occurs even when the condition number is very high. The proposed index was applied to calculation of derivatives of beam response to changes in the beam structural parameters by the semianalytical method. The calculation of derivative with respect to length is very sensitive to errors; whereas the calculation of derivative with respect to cross-sectional height is not. The proposed index indiscriminated well between these two cases.
